We derive steerability criteria applicable for both finite and infinite dimensional quantum systems using covariance matrices of local observables. We show that these criteria are useful to detect a wide range of entangled states particularly in high dimensional systems and that the Gaussian steering criteria for general M × N -modes of continuous variables are obtained as a special case. Extending from the approach of entanglement detection via covariance matrices, our criteria are based on the local uncertainty principles incorporating the asymmetric nature of steering scenario. Specifically, we apply the formulation to the case of local orthogonal observables and obtain some useful criteria that can be straightforwardly computable, and testable in experiment, with no need for numerical optimization.
In quantum world, there exist some strong correlations that cannot be described in classical ways providing thereby a crucial basis for applications, e.g. in quantum information processing. Among different forms of quantum correlations, the most well studied are quantum entanglement [1] and nonlocality [2] . Nonlocality is the strongest correlation that does not admit any local realistic models [3] , in which the joint probability for the outcomes a and b of local measurements A and B, respectively, are explained by
where a hidden-variable λ is chosen according to the distribution p λ . On the other hand, quantum entanglement is the correlation distinguished from classical correlation within the framework of quantum mechanics. That is, if a quantum state shows correlation that cannot be explained by the form
where the superscript Q refers to the restriction to quantum statistics only, it is called quantum entangled.
Recently, an intermediate form of correlation between quantum entanglement and nonlocality was rigorously defined in [4] -quantum steering-and it has attracted a great deal of interest during the past decade. The concept of quantum steering envisions a situation where Alice performs a local measurement on her system, which makes it possible to steer Bob's local state depending on her choice of measurement setting [5, 6] . This notion is practically relevant when Bob wants to confirm quantum correlation although he cannot trust Alice or her devices at all [4] , leading to some applications, e.g. one-sided device-independent cryptography [7] and subchannel discrimination [8] . In view of joint probability distribution, steering is the quantum correlation that can rule out the local hidden state (LHS) models,
where Alice's statistics P λ (a|A) is unrestricted while Bob' statistics P Q λ (b|B) obeys quantum principles. P LHS is obviously a subset of P LHV as seen from its construction, which makes EPR steering more accessible in experiment than nonlocality [9] . There have been other remarkable works on quantum steering including its connection to measurement incompatibility [10] and the phenomenon of one-way steering [11, 12] , etc.. However, we need to have a more comprehensive set of steering criteria readily testable particularly for higher-dimensional systems, which may bring us a deeper understanding of quantum correlation.
In this work, we introduce steering criteria based on covariance matrices of local observables that can be applied to bipartite quantum systems of arbitrary dimensions. This approach is an extension from the entanglement detection via covariance matrices [13] [14] [15] by incorporating the asymmetric nature of quantum steering and local uncertainty relations. In particular, we apply our formalism to local orthogonal observables and derive some useful criteria that can be readily computable, and also practically testable, without doing numerical optimizations. We illustrate the usefulness of our methods by detecting steerability of some higher-dimensional states, for which few criteria are known so far. Moreover, we show that our method leads to the Gaussian steering criteria for general M × N -modes of continuous variables (CVs) as a special case [4, 16, 17] .
Non-steerability-Let us begin with the notion of nonsteerablity. Assume that two separate observers, Alice and Bob, share a bipartite quantum state
If this state is nonsteerable from Alice to Bob, then the joint probabilities of local measurements on two observers can be written as [4] 
where Alice's and Bob's POVMs are denoted by {A k } and {B l } respectively. In this case, the (un-normalized) conditional state held by Bob, when Alice performs the measurement A k with the outcome a, is given by
The probability of Alice getting the output a for measurement A k is given by T r ρ a|k = λ P (λ)P (a|A k , λ), and the set of un-normalized states ρ a|k is referred to as an assemblage [8] . If the assemblage for a given state ρ AB is written in the form of Eq. (5) for all measurements {A k } and outcomes a, we say that the correlation of the given state ρ AB can be explained by the local hidden state (LHS) model [4] .
Local uncertainty relations-Let
Â k be the observables on H A .
If they do not have a common eigenstate, there exists a nontrivial, state-independent, bound C A > 0 such that
, which is the so-called local uncertainty relation (LUR). For example, if we consider the three Pauli operators σ x , σ y , σ z in a qubit system, then C A = 2. Another example is the case of two observables [17, 19] . The simplest case of N = 1 for the operators X (N ) , P (N ) correspond to two orthogonal quadrature amplitudes.
The following is a non-steerability criterion that is based on LURs.
Lemma. (Steering criteria with local uncertainty relations) -If a given bipartite quantum state ρ AB satisfies Eqs. (4) and (5), i.e., nonsteerable from Alice to Bob (from Bob to Alice), the following inequality must be satisfied
where C B is a strict positive lower bound of LURs [18] in Bob's Hilbert space, i.e.,
Proof. We consider a situation where Alice attempts to infer Bob's measurement outcome by performing a measurement on her subsystem. LetB 
Here the average is taken over all possible outcomes a k and b k . It can be readily shown that if a given quantum state ρ AB is nonsteerable from Alice to Bob, then
B k ≥ C B following the method in [20, 21] .
With a linear estimateB [20, 21] , where {g k } are arbitrary real numbers, we have
Then if we set g 1 = ... = g N = 1, we obtain the desired inequality in Eq. (6).
Covariance Matrix-Let ρ be a given quantum state and let {O k : k = 1, ..., N } be some observables. Then the elements of N × N symmetric covariance matrix γ are defined by
Now, let us consider a total set of observables in a composite system, {O k } = {A k ⊗ 1 1, 1 1 ⊗ B k } to construct the covariance matrix. Then the covariance matrix γ AB with {O k } has the block form
where A = γ (ρ A , {A k }) and B = γ (ρ B , {B k }) are covariance matrices for the reduced states ρ A and ρ B , respectively, and the correlation matrix C has the entries
Theorem. If a given bipartite quantum state ρ AB is non-steerable from Alice to Bob, its covariance matrix γ AB satisfies
where
Proof. To prove Theorem, we make use of the techniques that were utilized in Ref. [13] for entanglement detection. Let us define a set of matrices as T := {t | t = 0 A ⊕ κ B + P with P ≥ 0}, which forms a closed convex cone. Then Theorem is reformulated by saying that if ρ AB is non-steerable from Alice to Bob, then γ AB ∈ T . If a given ρ AB violates the inequality in Eq. (12), we have γ AB / ∈ T .
As indicated by a corollary to the Hanh-Banach theorem, for each γ AB / ∈ T , there exists a symmetric matrix W and a real number R such that Tr (W γ AB ) < R while
Because Tr (W P ) ≥ 0 holds for all P ≥ 0, we have W ≥ 0. Let us use the spectral decomposition of W =
By definition we know that all 0 A ⊕ κ B ∈ T , and by the concavity of covariance matrix it follows that all
This implies that
Eventually, since the inequality in Eq. (12) is vi- This means that if a given quantum state ρ AB violates the inequality in Eq. (12) , there must exist the sets Â k , B k for which the given state violates the inequality in Eq. (6) and then ρ AB is steerable. Therefore we conclude that if a given quantum state ρ AB is nonsteerable from Alice to Bob, its covariance matrix γ AB must satisfy the inequality in Eq. (12) .
In contrast to the non-steerability condition in Eq. (12), we note that the separability condition reads as γ AB ≥ κ A ⊕κ B [13, 14] , where the local covariance matrix κ A appears due to the restriction to quantum statistics at Alice's station as well.
Local Orthogonal Observables-We now derive some readily computable steering criteria using Theorem. For this purpose, let us choose d 2 A observables Â k on H A such that they satisfy orthogonal relations Tr Â kÂl = δ kl . Note that a quantum state ρ A can then be represented using these observables as
Similarly, we take the local observables B k in H B . These orthogonal observables are called local orthogonal observables (LOOs) [22] . In this case, the lower bound of the inequality (6) is given by C B = d B − 1 [23] . The covariance matrix γ LOOs AB is now constructed with the LOOs, and their partioned blocks are represented by A LOOs and B LOOs for the reduced states, respectively, and C LOOs for the correlation matrix. We then obtain the following result. Proposition 1. If a given bipartite quantum state ρ AB is nonsteerable from Alice to Bob, the correlation matrix C LOOs constructed with LOOs must satisfy
where A tr is a trace norm of a matrix A.
Proof. If a partitioned matrix in block form is positive semidefinite,
we have the relation Λ 12 2 tr ≤ Λ 11 tr Λ 22 tr [24] . We thus find, due to the inequality (12), 
where we used A
. If a given state is nonsteerable from Bob to Alice, the upper bound in Eqs. (13) and (15) is
We can also prove Proposition 1 without resort to the covariance matrix formalism in Appendix.
Examples -(i) Let us consider a noisy, asymmetric, two-qubit state that is written as
(|01 − |10 ) and ρ s = 2/3|00 00| + 1/3|01 01|. Using the condition in Eq. (16) (ii) Suppose now that Alice and Bob share a single pair of 3-dimensional particles in the state (16) is independent of the choice of local orthogonal observables (LOOs) in each party, because of the uniqueness of the singular values of the correlation matrix [25] . We now make another proposition useful for detecting steerability.
Proposition 2. If a given bipartite state ρ AB is nonsteerable from Alice to Bob, the following must be satisfied,
where A −1 denotes the Moore-Penrose pseudoinverse of the matrix A [25] . The term on the left-hand side of Eq. (21) is independent of the choice of LOOs.
Proof. Let us consider a real symmetric matrix with a block structure as in Eq. (17) . Then the following statements are equivalent [26] 
Then the term on the left-hand side of Eq. (21) is given by
where we used the definition of orthogonal matrices and the permutation invariance of the trace of a matrix .
Examples-(iii) Let us consider a two-qubit Werner state given by
where 0 ≤ p ≤ 1. Using Eq. (21) . (iv) Let us consider a two-qutrit state represented by
where ρ 1 = 1/3 (|01 01| + |12 12| + |20 20|), ρ 2 = 1/3 (|02 02| + |10 10| + |21 21|), and 0 ≤ F ′ ≤ 1. We can check that if F ′ > 1/7 1 + 2 √ 2 ≈ 0.5469, then the state in Eq. (25) is steerable in both ways.
We now turn our attention to CV systems. 
.., N and A k , B l denote the k-th and l-th mode in the parties which are held by Alice and Bob, respectively. Here we omit the tensor products in each party. For instance, X
(1)
If a state ρ CV AB is nonsteerable from Alice to Bob, the covariance matrix γ CV AB that is constructed with those local observables has to satisfy
. If this inequality is violated then ρ CV AB is steerable from Alice to Bob.
Proof. The proof of Proposition 3 is straightforward. By Theorem, if it is impossible to steer from Alice to Bob, we have that γ
is the covariance matrix of a physical quantum state with regular quadrature amplitudes, we obviously have 0 A ⊕ κ CV B ≥ 0 A ⊕ iΩ B due to uncertainty principle [27] . Because the sum of two positive semidefinite operators is also positive semidefinite [25] , we obtain the desired inequality in Eq. (26) .
The inequality in Eq. (26) is indeed the nonsteerability criterion for Gaussian states under Gaussian measurements that Wiseman et al. have derived in Ref. [4] .
Remarks-After completion of this work [28] , we became aware of a related interesting article [29] , which proposes moment-based steering criteria in a form Γ ij = S † i S j . The operators S i in [29] are chosen as a product of local operators S i = A k ⊗ B l and there arise some unobservable matrix elements that are treated as free parameters with constraints due to joint-measurability on Alice's side and quantum algebra on Bob's side.
In our case, the correlation matrix C in Eq. (11) addresses all observable moments from the outset. On the other hand, the local covariance matrix A at Alice site contains moments A i,j = ( A i A j + A j A i ) /2 − A i A j that cannot be directly determined due to the incompatibility of local measurements {A i }. Of course, one might define a new Hermitian observable O A ≡ A i A j + A j A i to evaluate it, which is however not acceptable in a rigorous steering test where Alice is fully untrusted. Nevertheless, we have shown in the proof of Theorem that the violation of the inequality (12) is equivalent to the existence of local observables {Ã k } and {B k }, with which one can show the violation of inequality (6) . As the latter inequality requires only observable moments, the strongest test of steering becomes always possible for whatever states violating the covariance matrix criterion as a matter of principle.
It now becomes an interesting question how those observables {Ã k } and {B k } can be systematically obtained for a given covariance matrix. For those states violating the inequality (16), we immediately obtain the observables {Ã k } and {B k } using a singular-value decomposition (SVD) of the correlation matrix C ≡ O (1) ΛO (2) , where O (i) (i = 1, 2) are orthogonal matrices and Λ a diagonal matrix with non-negative entries. As we have shown in Appendix, the violation of the inequality (16) is equivalent to the violation of (A. Conclusion-We have derived steering criteria based on covariance matrices of local observables, which can be applied to both discrete and continuous variable quantum systems. We have particularly employed local orthogonal observables (LOOs) to obtain some readily computable, and experimentally testable, criteria useful to detect steerability for quantum systems of arbitrary dimensions. We have demonstrated that these are useful to detect a wide range of entangled states particularly for two qutrits, which can be further extended to higher-dimensional systems. Moreover, we have shown that the Gaussian steering criteria for CV systems of M × N modes are derived as a special case of our criteria. We hope our method could be a useful tool to identify a broader set of quantum steerable states and bring a deeper understanding to quantum correlations at large.
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